It is shown in this paper that non-conforming finite elements on the triangle using P 1 -nonconforming polynomials and P 2 -conforming polynomials can be easily built and used.They appear as an 'enriched' version of the standard piecewise quadratic six-node element.This work is divided into two parts.In the first we present the basic-property of the element,namely how it can be built and basic error estimates.We have observed that this new element behaves like P 1 non-conforming element.In the second part we have applied our element to the elliptic problem and the theoretical estimate has been guaranteed by numerical result.
INTRODUCTION
The finite element method has achieved great success in many fields of science and technology since it was first suggested in elasticity in the fifth decade of 20 th century.Today it has become a powerful tool for solving partial differential equations [1, 2] .The key issue of the finite element method is using a discrete solution on the finite element space,usually consisting of piecewise polynomials,to approximate the exact solution on the given space according to a certain kind of variational principle.When the finite element space is a subspace of the solution space, the method is called conforming.It is known that in this case,the finite element solution converges to true solution provided the finite element space approximates the given space in some sense.
In general, for a 2m order elliptic boundary-value problem,the conforming finite element space is a C m−1 subspace.It means that the shape function in this conforming finite element space is continuous together with its m − 1 order derivatives.That is for a second-order problem, the shape function is continuous and for a fourth order problem, the shape functions and its derivatives are continuous.It is a rather strong restriction put on the shape functions in the latter case. It is prove that to build up a conforming finite element space with C 1 -continuity for a two dimensional fourth-order problem, like the plate bending problem in elasticity, at least a quintic polynomial with 18 parameters is required for a triangular element and a bi-cubic polynomial with 16 parameters for a rectangular element.It causes some computational difficulties because the dimension of the related finite element space is fairly large and its structure is rather complicated.
Therefore, it is desirable to relax directly the C m−1 continuity of the finite element space.It comes to the so called 'nonconforming' finite element method which had and still has a great impact on the development of finite element methods.However, it was found that some nonconforming element elements converge and some do not. The convergence behaviour sometimes depends on the mesh configuration.
Up to now there has been proposed a vast number of engineer devices based on different mechanical interpolations,like unconventional elements,energy-orthogonal elements with free formulation,quasi-conforming elements,generalised conforming elements and many others.The approximate spaces related to all these elements mentioned above are not included in the given solution space.Hence they are simply called 'nonstandard' finite elements.A unified mathematical treatment for analysis of these nonstandard finite elements has been proposed by various authors.
A brief description and analysis of some interesting and important conforming and nonconforming finite elements has been given below.
P
1 nonconforming element [2, 1] . This is a triangular element which is not C 0 . The shape function is a linear polynomial with three nodal parameters at mid points of three edges of the triangle.This element converges for second order elliptic problem with optimal rate.
Wilson-element [3, 4, 5] . This is a nonconforming rectangular element.The shape function is a quadratic polynomial with six parameters, four at vertices of the rectangle and two internal degrees of freedom, like the second order derivatives.This element converges for rectangular mesh, but does not converge for arbitrary quadrilaterals.It is interesting to mention that the behaviour of the Wilson element is better than the corresponding bilinear Q 1 conforming element as many engineering example have indicated.
The rotated Q 1 element [6, 7, 8] . This is a newly established non-conforming rectangular element.The shape function consists of four terms as[1,x,y,x 2 − y 2 ].There are two versions of choosing nodal parameters.The first one uses four function values at the mid-point of each edge of the rectangle.The second version uses four mean values of the shape function along edges. Both versions are convergent for rectangular meshes.However,the first version is not convergent for arbitary quadrilaterals unless certain mess conditions are satisfied.
Morley element [9] This is an old and simplest plate element.The shape func-tion is a quadratic polynomial with six nodal parameters.They are three function values at vertices and three normal derivatives at mid-points of three edges.This element does not even belong to C 0 class,nevertheless it is convergent for the fourth-order problem [10] . Surprisingly, it is recently proved that the Morley element is divergent for the second-order elliptic problem [11] .
In contrast, it is well known that there exists for long time the P 2 conforming element for the second order problem.Its shape function is again a quadratic polynomial with six parameters as three function values at vertices and three function values at mid-points of edges.This quadratic C 0 element is convergent for the second order problem, but divergent for the fourth-order problem.
Zienkiewicz incomplete cubic triangular element [12] . The shape function consists of incomplete cubic polynomials with specially chosen nine terms.The nine nodal parameters are three function values together with six first partial derivatives with respect to x and y at three vertices.This is a C 0 element but not C 1 .It is proved that this element is convergent only for very special meshes, namely, all edges of triangles are parallel to the three given directions.It is a very interesting phenomenon that the Zienkiewicz element using the crossdiagonal mesh actually tend to a limit,but it is not the true solution of the given problem,rather of another problem [13] .
Another new nonconforming piecewise quadratic finite element on triangles has been discussed in [14] .This element satisfy patch test of Irons and Razzaqque [15] .This implies that on element interfaces,one should ensure the continuity of the approximation at the Gauss-Legendre quadrature points needed for the exact integration of third-degree polynomials. Optimal-error estimates and regularity properties for Dirichlet's problem has been studied by authers. In this paper we will propose a new finite element which is a bridge between conforming and nonconforming finite element.This new element piecewise quadratic and quasi conforming.We have studied error estimation for Dirichlet's problem,and observed that this element does not give optimal convergence rate,which has been generally considered as a major drawback against the use of this element.Though the element is piecewise quadratic but it does not require two point continuity restriction on each interface of τ h ,which is needed for the above mentioned piecewise quadratic nonconforming element [14] .We shall show here that these elements are in fact very simple to use and they are nothing but combination of P 1 nonconforming element with incomplete P 2 -conforming element.
Discretization 2.1 Continuous Problem
We consider the following model problem
where Ω ⊂ R 
Notation
Let τ h be a conforming triangulation of Ω.The subscript h refer to the maximum element size h = max k∈τ h h k , where h k is the diameter of an element K ∈ τ h .ε h is the set of the edges in τ h , n is the unit outward normal along ∂K and the jump [u] across an edge e is a vector defined as followsLet e be an interior edge shared by two triangles K 1 and K 2 in τ h , and ω j = ω| Kj for j=1,2 . We define on e
where n j is the unit normal of e pointing towards the outside of K j .If e is an edge on the boundary of Ω,then we define on e
[ω] = ωn where n is the unit outer normal of e pointing towards the outside of Ω.
Weak Formulation
Ω is convex polygon and f ∈ L 2 (Ω) therefore u ∈ H 2 (Ω) by elliptic regularity theory [16] .
NC1-C2 methods
In order to define a nonconforming space,we introduce some further notation.
is continuous at the mid points of the edges of τ h } The above space is basically p 1 -nonconforming space. We define
K and F K is Affine mapping fromK to K [Fig 2] .φ 1 ,φ 2 ,φ 3 are basis fn on reference triangleK corresponding to the verticesb 1 ,b 2 ,b 3 respectively, which is defined bŷ
is continuous along edge on each element.In this paper we use the following finite element space-
K } Finite element space V h consists of piecewise quadratic function which is discontinuous along edge of each triangle except at mid points of edges [Fig 1] . A typical element ω ∈ V h is demonstrated below-
since ω 1 is discontinuous along edges except at the midpoints and ω 2 is continuous along edge, ω is discontinuous along edges except at the mid points. On interior edges jump of typical element is reduced to P 1 polynomial .Let e be an interior edge which is shared by two triangle K 1 and K 2 . ω| K 1 and ω|K 2 are restrictions of ω on K 1 and K 2 respectively.
[
This space contains the space of continuous piecewise-quadratic and space of nonconforming piecewise-linear,since
where P 2 h is piecewise-quadratic conforming finite element space.
Discretization
The space V h is not continuous and hence it is no longer in H 1 0 (Ω).We must modify the variational form a h (., .) in the discretized problem.We define the following bilinear form on V h + V * .where V * is subset of V and exact solution belongs to V * .
Consistency
Let u ∈ V * ⊂ V such that u satisfies weak formulation,i,e
Then it is obvious that
Hence the discrete bilinear form is consistent.It also satisfies Galerkin's orthogonality condition since
Discrete stability
The discrete bilinear form a h (., .) enjoys discrete stability on V h if there is C sta > 0 such that
Hence
Hence a h (., .) satisfies discrete stability condition.This implies the discrete bilinear form
is well posed i.e. the discrete bilinear form has unique solution.
Apriori Error Estimation
Lemma 1 Assume dim V h < ∞.Let a h (..) be a symmetric positive definite bilinear form on V + V h which reduces to a(.,.) on V.Let u ∈ V solve
where . h = a h (., .)
Lemma 2 Let K be an arbitrary element of conforming triangulation τ h .Then the following inequality holds
where |e| denotes the length of edge e ⊂ ∂K, h K =diam K,and the positive constant depends only on the chunkiness parameter of K.
Proof: See the details in [1]
Lemma 3 Let all assumptions of Lemma 2 hold and ω be an arbitrary element of V h .Then
where [ω] denotes jump of ω along edge e ∈ ε h .
Proof: Using lemma 2 we can write
Where τ e is the set of triangles in τ h containing e on their boundaries. Again [ω] =0 at midpoint of each edge of K hence first part of of right-hand side will be vanished.Therefore we have 
where d=diam(Ω) and ρ max =sup { ρ : Ω is star-shaped with respect to a ball of radius ρ } Proof: See the details in [1] 
3.1
The important ingredient in the error analysis is a bound on the approximation error u − u I where u I ∈ V h is a suitable interpolation which agrees with u at mid point of each edges of ε h of exact solution u.The interpolation operator is defined at the element level. We just require the local approximation property
It will be useful to define it explicitly.It is defined in two steps. LetK be the reference triangle with verticesb 1 ,b 2 ,b 3 whose coordinates are (0,0),(1,0),(0,1) respectively andm i be the midpoint of the side joining i and i+1(modulo 3) vertices. We defineÎ
Finally we define interpolation aŝ
whereL i for i=1,2,3,4,5,6 continuous linear functional.
Now we will show that P 2 (K) is unisolvent with respect to these functionals, i.e.for an arbitrary polynomialp ∈ P 2 (K)L i (p) = 0 impliesp = 0. Sincep ∈ P 2 (K) implies thatp can be written as linear combination of basis of
Similarly it can be shown that for arbitraryp ∈ P 2 (K),Î(p) =p . Let (K, P 2 (K), Σ) be an affine finite element of (K,
where s ≤ m + 1 and m=0,1,2.
3.2
We want to find out u − u h h Using lemma 1 we can write
Now we have to estimate 
≤ (
Hence we have
Using estimation (24) we can write
Where C is generic constant.
Where C e is arbitrary constant and we have used the following two identity
Again we have
We can write second term of (28) as
where we have used the following two identity Therefore
Using estimations (26),(27),(31) in (25) we can write
using elliptic regularity we can write
Therefore u − u h L 2 (Ω) ≤ C h 2 |u| H 2 (Ω)
Numerical Test
In this section we perform grid convergence studies for the proposed 'NC1-C2' method.The new method was implemented using penalization technique.We estimate the experimental order of convergence by the formula
where E(h) = u − u h is the error in the specified norm.The result indicate the same convergence behaviour for NC1-C2 method and and p 1 -nonconforming method.We have glued second order conforming element with first order nonconforming element suitably and observed that first order nonconforming element dominated second order conforming element and we have obtained an EOC of 2.0 in the L 2 norm and 1.0 in the H 1 norm which is same as p 1 nonconforming method.EOC stands for experimental order of convergence. 
with homogeneous boundary conditions and the right hand side f = 2π 2 sin(πx)sin(πy). The exact solution is given by u(x, y) = sin(πx)sin(πy). 
